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$u_{n+1}= \frac{\alpha u_{n}+1}{u_{n}u_{n-1}}$ . (1)
.
1. Fix, aprime number $p$ and at, $u\mathit{0},$ $u_{1}\in \mathrm{F}_{p}$ , where $\mathrm{F}_{p}$ is the finite prime field of order $p$ .
2. Assume that an invariant curve is of the following form:
$a_{0}(u_{n})^{2}(u_{n\dagger 1})^{2}+a_{1}(u_{n})^{2}u_{n+1}+a_{2}u_{n}(u_{n+1})^{2}+a_{3}(u_{n})^{2}+a_{4}(u_{n+1})^{2}$
$+a5u_{n}$u$n+1$ $+$ a67$u_{n}+a_{7}un+1+a_{8}=0$ . $(2)$
If the mapping has time-reversibility (invariance of equatinos by the transformation $n+1arrow$
$r\iota-1),$ $a_{1}=$ a2, $a_{3}=a_{4}$ and $a_{6}=a_{7}$
3. Calculate $u_{2},u_{3}$ , $u_{4}$ , $u_{5},u_{6}$ in $\mathrm{F}_{p}$ by using the eq. (1).
If some $u_{i}$ is equal to 0 in $\mathrm{F}_{\mathrm{p}}$ , e$\mathrm{x}$change $p$ and go back to 1.




If the rank is equal to the number of simultaneous linear equations, increase the degree of
the invariant cureve and go back to 2.
If $(p, \alpha,u_{0}, u_{1})=$ (31991, 7, 2, 5) in the case of eq.(l), the solution of the $\mathrm{e}\mathrm{q}\mathrm{s}$ . $(3)-(3)$ is
$(a_{0}, a_{1}, a_{3}, a_{5}, a_{6}, a_{8})=(0,1,0, -12,7,1)$ under scaling. If $(p, \alpha, u_{0}, u_{1})=$ (32003, 7, 2, 5),
the solution of the $\mathrm{e}\mathrm{q}\mathrm{s}$ . $(3)-(3)$ is $(a_{0}, a_{1}, a_{3},a_{5}, a_{6}, a_{8})=(0,1,0, -12,7,1)$ under scaling.
5. By the Chinese remainder theorem, we guess that $a_{0}=a_{3}=0$ and $a_{1}=a_{8}=1$ in the
solution over Q. Furthermore, we guess that $a_{5}$ and $a\epsilon$ only depend on the parameter $\alpha$
and initial conditions. Therefore, $a_{5}$ and $a_{6}$ are conserved quantities in $\mathrm{Q}$ ,
$u_{n}u_{n+1}(u_{n}+u_{n+1})+H_{1}u_{n}u_{n+1}+H_{2}(u_{n}+u_{n+1})+1$ $=$ 0, (3)
where $H_{1},$ $H_{2}$ will be conserved quantities.




6. Solve the $\mathrm{e}\mathrm{q}\mathrm{s}$ . $(3)$ and (4) for $H_{1},$ $H_{2}$ in $\mathrm{Q}$ ,
$H_{1}$ $=$ $\frac{-u_{n}^{3}-u_{n}^{2}u_{n-1}-u_{n}^{2}u_{n+1}-u_{n-1}u_{n}u_{n+1}+1}{u_{n}^{2}}$ , (5)
$H_{2}$ $=$ $\frac{u_{n-1}u_{n}u_{n+1}-1}{u_{n}}$ . (6)
7. Using the eq.(l), we eliminate $u_{n-1}$ in $\mathrm{e}\mathrm{q}\mathrm{s}$ . $(5)-(6)$ over $\mathrm{Q}$ ,
$H_{1}$ $=$ $- \frac{u_{n-1}u_{n}(u_{n-1}+u_{n})+\alpha(u_{n-1}+u_{n})+1}{u_{n-1}u_{n}}$ , (7)
$fI_{2}$ $=$ $\alpha$ . $(8)$
8. Using the eq.(l), we can check $H_{1}$ is the conserved quantity in Q.
, Support $\mathrm{F}_{\mathrm{p}}$ $\mathrm{Q}$
. , [4] . Rank 2











$I_{3} \frac{\ J_{3}}{dt}$ $=$ $(I_{1}-I_{2})\omega_{1}\omega_{2}+y_{0}\gamma_{1}-x_{0}\gamma_{2}$ ,
$\frac{d\gamma_{1}}{dt}$ $=$ $\omega$3$\gamma 2-\omega$2 $\gamma$3,
$\frac{d\gamma_{2}}{dt}$ $=$ $\omega$1 $\gamma 3-\omega$3$\gamma$1,
$\frac{d\gamma_{3}}{dt}$ $=$ $\omega$2$\gamma 1-\omega$1 $\gamma$2
, (Euler )x0 $=y_{0}=z_{0}=0$ (Lagrange )A $=B,x_{0}=y_{0}=0$
(Kovalevskaya )A $=B=2C,$ $z_{0}=0$ . , Lagrange .
2.2.2 Lagrange









$I_{1}D_{t}g_{1}\cdot f$ $=$ $(I_{1}-I_{3})g_{2}g_{3}+z_{0}g_{5}f$ , (9)
$I_{1}D_{t}g_{2}\cdot f$ $=$ $(I_{3}-I_{1})g_{3}g_{1}-z_{0}g_{4}f$ , (10)
$I_{3}D_{t}g_{3}\cdot f$ $=$ 0, (11)
$D_{t}g_{4}\cdot f$ $=$ $g_{3}g_{5}-g_{2}g_{6}$ , (12)
$D_{t}g_{5}\cdot f$ $=$ $g_{1}g_{6}-g_{3}g_{4}$ , (13)




$g_{i}arrow h(t)g_{i},$ $farrow h(t)f$
$(9)-(14)$ .
$(9)-(14)$ . $f^{t+1}=f(t+\delta)$ ,
$I_{1}(g_{1}^{t+1}f^{t}-g_{1}^{t}f^{t+1})/\delta$ $=$ $(I_{1}-I_{3})(g_{2}^{t+1}g_{3}^{t}+g_{2}^{t}g_{3}^{t+1})/2+z_{0}(g_{5}^{t\dotplus 1}f^{t}+f^{t+1}g_{5}^{t})/\underline{9}$ ,
$I_{1}$ $(g_{2}^{t+1}f^{t}-g_{2}^{t}f^{t+1})$ / $\delta$ $=$ $(I_{3}-I_{1})(g_{3}^{t+1}g_{1}^{t}+g_{3}^{t}g_{1}^{t+1})/2-z_{0}(g_{4}^{t+1}f^{t}+f^{t+1}g_{4}^{t})/9\sim$ ,




, $\deltaarrow 0$ .
, $h^{t}$




$\omega_{1}=\frac{g_{1}^{t}}{f^{t}}$ . $\omega_{2}=\frac{g_{2}^{t}}{f^{t}},\omega_{3}=\frac{g_{3}^{t}}{f^{l}}$ $\mathrm{X}[]=\frac{g_{4}^{t}}{f^{t}},\gamma_{2}=\frac{g_{5}^{t}}{f^{t}},$ $\mathrm{X}3$ $= \frac{g_{6}^{t}}{f^{t}}$
, Lagrange
$I_{1}(\omega 1" 1-\omega\{ )/\delta$ $=$ $(I_{1}-I_{3})(\omega_{2}^{t+1}\omega_{3}^{t}+\omega_{2}^{t}\omega_{3}^{t+1})/2+z0(\gamma_{2}^{t+1}+\gamma_{2}^{t})$ /2,
$I_{1}$ $(\omega_{2}^{t1}"-\wedge )/\delta$ $=$ $(I_{3}-I_{1})(\omega_{3}^{t+1}\omega_{1}^{t}+\omega_{3}^{t}\omega_{1}^{t+1})/2-z_{0}(\gamma_{1}^{t+1}+\gamma_{1}^{t})/2$ ,
$I_{\delta}$. $(\omega_{3}^{t1}"-\omega_{3}^{t})/\delta$ $=$ 0
$(\gamma\}" 1-\gamma_{1}^{t})/\delta$ $=$ $(\omega_{3}^{t+1}\gamma_{2}^{t}+\omega\sim\gamma_{2}^{t1}")$/2-($\omega$r$1ttt” 1\gamma_{3}+\omega_{2}\gamma_{3}$ ) $/2$ ,
$(\gamma 4\dagger 1-\gamma 4)/\delta$ $=$ $(\omega_{1}^{t+1}\gamma_{3}^{t}+\omega_{1}^{t}\gamma_{3}^{t+1})/2-(\omega_{3}^{t+1}\gamma_{1}^{t}+\omega_{3}^{\mathrm{t}}\gamma_{1}^{t+1})$/2,
$(\gamma_{3}^{t+1}-\gamma_{3}^{t})/\delta$ $=$ $(\omega_{2}^{t+1}\gamma_{1}^{t}+\omega_{2}^{t}\gamma_{1}^{t+1})/2-(\omega_{1}^{t+1}\gamma_{2}^{t}+\omega_{1}^{t}\gamma_{2}^{t+1})$ /2
.
$\omega$H $arrow\frac{2}{\delta}\omega_{i}^{t}$ , $c=\omega_{3}^{t}$ $a= \frac{c(I_{1}-I_{3})}{I_{1}}$ , $z= \frac{z_{0}\delta^{2}}{4I_{1}}$ ,
,
\mbox{\boldmath $\omega$} $-\omega_{1}^{t}$ $=$ $a(\omega_{2}^{t+1}+\omega_{2}^{t})+z(\gamma_{2}^{t+1}+\gamma_{2}^{t})$ , (15)
$\omega_{2}^{t+1}-u)2t$ $=$ $-a(\omega_{1}^{t}+\omega_{1}^{t+1})-z(\gamma_{1}^{t+1}+\gamma_{1}^{t})$, (16)
$\gamma_{1}^{t+1}-\gamma_{1}^{t}$ $=$ $c(\gamma_{2}^{t}+\gamma_{2}^{t+1})-(\omega_{2}^{t+1}\gamma_{3}^{t}+\omega_{2}^{t}\gamma_{3}^{t+1})$ , (17)
$\gamma_{2}^{t+1}-\gamma_{2}^{t}$ $=$ $(\omega_{1}^{t+1}\gamma_{3}^{t}+\omega_{1}^{i}\gamma_{3}^{t+1})-c(\gamma_{1}^{t}+\gamma_{1}^{t+1})$ , (18)
$\gamma_{3}^{t+1}-\gamma_{3}^{t}$ $=$ $(\omega^{t+1}\underline,\gamma_{1}^{t}+\omega_{2}^{\mathrm{t}}\gamma_{1}^{\mathrm{t}+1})-(\omega_{1}^{\mathrm{t}+1}\gamma_{2}^{t}+\omega_{1}^{t}\gamma_{2}^{t+1})$ . (19)
,
$\{$
1 $-a$ 0 $-z$ 0
$a$ 1 $z$ 0 0
0 $\gamma_{3}^{t}$ 1 $-c$ $\omega_{2}^{t}$
$-\gamma_{3}^{t}$ 0 $c$ 1 $-\omega_{1}^{t}$
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$H_{1}^{0}$ $=$ $(\omega_{1}^{t})^{2}+(\omega_{2}^{t})^{2}-H_{1\gamma_{3}}^{1t}-H_{1}^{2}(\gamma_{3}^{t})^{2}$ (22)
2.
$\ovalbox{\tt\small REJECT}$ $=$ $(\omega_{1}^{t}\gamma\{+\omega_{2}^{t}\gamma_{2}^{t})-H_{2}^{1}\gamma_{3}^{t}-H_{2}^{2}(\gamma_{3}^{t})^{2}$ (23)
3.
$H_{3}^{0}$ $=$ $(\gamma_{1}^{t})^{2}+(\gamma_{2}^{t})^{2}-H_{3}^{1}\gamma_{3}^{t}-H_{3}^{2}(\gamma_{3}^{t})^{2}$ (24)
.
$H_{1}^{0},$ $H_{1}^{1},$ $H_{1}^{2},$ $H_{2}^{0},$ $H_{2}^{1},$ $H_{2}^{2},$ $H_{3}^{0},$ $H_{3}^{1},$ $H_{3}^{2}$ ,
3 .
$H_{1}^{0},$ $H_{1}^{1},$ $H_{1}^{2},$ $H_{2}^{0},$ $H$J, $H_{2}^{2},$ $H_{3}^{0},$ $H_{3}^{1},$ $H_{3}^{2}$ .
(24) ,
$H_{3}^{0}$ $=$ $(\gamma_{1}^{t+1})^{2}+(\gamma_{2}^{t+1})^{2}-H_{3\gamma_{3}-}^{1t+1}H_{3}^{2}(\gamma_{3}^{t+1})^{2}$ , (25)
$H_{3}^{0}$ $=$ $(\gamma_{1}^{t})^{2}+(\gamma_{2}^{t})^{21t}-H_{3}\gamma_{3}-H_{3}^{2}(\gamma_{3}^{t})^{2}$, (26)
$H_{3}^{0}$ $=$ $(\gamma_{1}^{t-1})^{2}+(\gamma_{2}^{t-1})^{2}-H_{3}^{1}\gamma_{3}^{t-1}-H_{3}^{2}(\gamma_{3}^{t-1})2$. $(27)$





(20)(21) (28) $\gamma_{1}^{t+1},\gamma_{2}^{t+1},\gamma_{3}^{t+1},\gamma_{1}^{t-1},\gamma_{2}^{t-1},\gamma_{3}^{t-1}$ ,





$H_{1}^{1}$ $=$ $\frac{2z(1+ac)}{1+a^{2}}H_{3}^{2}$ (30)
$H_{1}^{2}$ $=$ $\frac{z^{\mathit{2}}}{1+a^{2}}H_{3}^{2}$ (31)
$H_{2}^{2}$ $=$ $\frac{-az}{1+a^{2}}H_{3}^{2}$ (32)
$H_{2}^{0}$ $=$ $\frac{2(a^{2}c^{2}-1)H_{3}^{2}+z(1-ac)H_{3}^{1}-2a^{2}H_{1}^{0}-2(1+a^{2})}{2az}$ (33)





$H^{\frac{9}{3}},$ $H_{0}^{1},$ $H_{3}^{1}$ , Jacobi rank .
[1] 4.
3
discrete integrable system ,
$\mathrm{b}^{\mathrm{a}}$ ‘ .
, discrete integrable system
. \sim ,
.
, $\mathrm{F}_{\mathrm{p}}$ Lagrange .
3.1
$A=|$ $+^{1}) \frac{f(-ab-1(g+1}{\frac{b^{2}a}{f-b}}E$ $+_{\mathrm{c}}^{h}aAa \underline{b}_{\frac{+h}{2}}\mathrm{c}+5\mathrm{c}-\frac{9}{\mathrm{H}}-\underline{1}$
g.c.d, l.c.m. .










$A$ mod $3=1$ ,
$A$ mod $5=0$ .






$u_{1}$ $=$ $(m_{1,1}, m_{1,2}, \ldots,m_{1,n-1}, m_{1,n})$
$u_{n}$ $=$ $(m_{n,1},m_{n,2}, \ldots,m_{n,n-1},m_{n,n})$
$v_{1}$ $=$ $(rn_{1,1}, m_{2,1}, \ldots,m_{n-1,1},m_{n,1})$
$v_{n}$ $=$ ( $m_{1,n},m_{2,n’\cdots\prime}m_{n-1,n}$ , mn,n)
,
$\Lambda\prime I$ $=$ $|\begin{array}{llll}m_{1,1} m_{1,2} m_{1,n-1} m_{1,n}m_{2,1} m_{2_{\prime}2} m_{2_{\prime}n-1} m_{2_{\prime}n}\cdots \cdots \cdots \cdots\cdots \cdots \cdots \cdots m_{n-1,1} m_{n-1_{\prime}2} m_{n-1,n-1} m_{n-1,n}m_{n,1} m_{n,2} m_{n,n-1} m_{n.n}\end{array}|$ ,
, Hadamard
$\mathrm{a}\mathrm{b}\mathrm{s}(\Lambda,I)\leq\min$ ( $||u_{1}||_{2}||u_{2}||_{2}\ldots||$u$n-1$ $||_{2}||$u$n||_{2}$ , $||$ t71 $||_{2}||v$2 $||_{2}\ldots||$ t $n-1$ $||_{2}||$v$n||_{2}$ ) $=$ ’





















$A$ mod $3=1$ ,
$A$ mod $5=0$ ,
$A$ mod $7=3$ ,
, $p$ 105
$200=H^{2} \leq(\frac{p-1}{2})^{2}=2704$




$\mathrm{Z}$ , fradion froe Gaussian elimination .
3.3 fraction free Gaussian elimination
Gauss , $\mathrm{Z}$ $\mathrm{Q}$ .
fraction free Gaussian elimination .













$a_{i,j}^{h}.a_{k,k}^{k}..-a_{1_{1}}^{\iota_{k}}.\cdot a_{\dot{k},j}^{k}$. $a_{k-1,k-1}^{k-1}$ . , (36)











1 $S_{\underline{9}}$ $(s_{2})^{2}$ $(s_{2})^{N-1}$ $(s_{2})^{N}$
1 $s_{N-1}$ $(s_{N-1})^{2}$ $(s_{N-1})^{N-1}$ $(s_{N-1})^{N}$
1 $s_{N}$ $(s_{N})^{2}$ $(s_{N})^{N-1}$ $(s_{N})^{N}$ /









$\mathrm{F}_{l^{J}}$ Non-sigulaz $n^{\underline{9}}$ . , [3]
.
[3] floating ,




2 $f(x, y)$ .
(39)

































$x$ 1 2 .
$x$
$0\backslash$
’ $x$ 1 $\backslash$’ $x$ $2’\backslash$
$y$
$0\backslash$
’ coef$=-2$ coef$=0$ coef$=0$ . (43)
$y$ 1 $\backslash$’ $\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{t}.=0$ $\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}=0$ $\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}=1$
$y$ 2 \acute $\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}=0$ $\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}=1$ $\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}=0$
,- $\Lambda\cdot I$ .
1. sampling data $M$ . $W$ ,
$W[k_{0}][k_{1}]\ldots[k_{M-1}]$ $0\leq k_{i}\leq N_{i}$ $(i=0, ..., M-1)$ . (44)
2. $k_{1},$ $\ldots,$ $k_{l\mathfrak{l}I-1}$ , $k_{0}$ Lagrange ’4 . 6 Lagrange
$k_{1},$
$\ldots,$
$k_{\mathrm{A}I-1}$ $W[j][k_{1}]\ldots[k_{M-1}](0\leq i\leq N_{0})$
. , $(N_{0})^{2}\cross N_{1}\ldots N_{M-1}$ .
3. $k_{1},$ $\ldots,$ $k_{\Lambda I-1}$ ,
, $\mathrm{W}$ Lagrange . $\mathrm{F}_{p}$
.
,
$(N_{0})^{2}N_{1}\ldots N_{M-1}+N0(N_{1})^{2}\ldots N_{\mathrm{A}I-1}+\ldots+$ N0N1...(NM-1)2=







, $A$ . $x$ $\mathrm{A}\mathrm{a}$ 1
1+2 $1=2$ 1 1+2 $1=2$ 2 . $y$
$\mathrm{A}\backslash$ t‘\sim -2 .
, Lagrange ,
(46)
sampling data , . sampling \iota ,
Hadamard demo ‘ fraction
free Gaussian elimination
$4^{\mathrm{a}}$ .
(46) $\mathrm{m}\mathrm{o}\mathrm{d} 3$ ,
mOd3. (47)




















(46) $\mathrm{m}\mathrm{o}\mathrm{d} 5$ ,
$x=0$ $x=1$ $x=2$
$y=0$ $\det=3$ $\det=3$ $\det=3$ mOd5. (49)
$y=1$ $\det=3$ $\det=0$ $\det=4$
$y=2$ $\det=3$ $\det=4$ $\det=4$
(49) $F_{5}$ Lagrange $A$ ,
$x$
$0\backslash$





































$A=-2$ $+x^{2}y+xy^{2}$ . (52)
. sample point




1. sampling data $\mathrm{A}I$ .
$\partial \mathrm{I}$ $U$ ,




$T^{3}\geq N_{0}+N_{1}+...$ $+N_{\mathrm{A}\mathrm{f}-1}$ (56)
, sampling .
2. $W$ $\mathrm{P}1$ $\overline{U_{1}}$ , Fp Lagrange .
, $\overline{V_{1}}$ . , $W_{1}=\overline{V_{1}}$ .
31 $p_{2}$
$\overline{V_{2}}$ , $\overline{V_{1}}$ $\overline{V_{\sim}?}$ ]
. $W_{9}$ . W1=W stable .
4. stable .











$A$ total degree . total degree , 1 $1+2\uparrow’\overline{\mathrm{T}}$ $2=3$ 1
$p\mathrm{I}\mathrm{J}$ $\mathrm{L}+2F$i
$2=3$ 3 . , $a_{8}=0$ .




$\lceil \mathrm{C},\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{u}\mathrm{t}\mathrm{e}\mathrm{r}$ Algebra-Design of $\mathrm{A}\mathrm{l}\mathrm{g}\mathrm{o}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{h}\mathrm{m}\mathrm{s},\mathrm{I}\mathrm{m}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$and $\mathrm{A}\mathrm{p}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}\rfloor$
$f\gamma$ ,
3.8 Timing data
Timing $\mathrm{d}\mathrm{a}\mathrm{t},\mathrm{a}$ , .
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